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1 (a) Show that y =x is a solution of the differential equation

y2+yx—x2—xza =0.

(b) Prove that the differential equation

2

dy

dy_ y
a‘%ﬂ

can be transformed into the differential equation

by using the substitution u = %

du

X ix =F(u)—u

(¢) A solution curve of the differential equation

dy

2 2 2
yHyx—Xx X ix 0

passes through the point (1, 2). Find the equation of the curve.

n
2 The integral / , where n is a non-negative integer, is defined by / = fo3 tan” 6 d6.

(a) Show that, forn > 2,

(b) Find the exact values of /; and /.
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3

3 (a) (i) Forall positive real numbers x, y and z, prove that

2 2
X
Rl
(ii) Hence, for all positive real numbers x, y and z, prove that
2 2 2
[ﬁ] +[ZJ +[5] SXi 225 [4]
b% z X z x Yy

al bl
(b) (i) Leta=]|a,|andb = |b,| be two non-zero vectors. By considering the scalar product of
a b

3 3

a and b, or otherwise, prove that

3 2 3 3

Son] < (S| 3
i=1 i=1 i=1

(ii) Hence, for all positive real numbers x, y and z, prove that

<

2 2 2
+ v+ X Y z
x+y Z<2y+z+z+x+x+y' [5]
A graphing calculator must not be used in question 4.
4  The functions f and g are defined on the real numbers by
f(x)=x*-3x+1,
(x)= L forx#1
& 1-x° '
(a) Show that f(x) = 0 has three distinct real roots. [2]
Let a, f and y be the roots of f(x) = 0, where a < <y.
(b) Prove that g(a) =4, g(8) =y and g(y) = a. [5]
(¢) Given that h is a quadratic function such that
h(a) = g, h(f) =y and h(y) = a,
find h(x). [5]
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4

An ordering of the numbers 1 to n such that no number i is in position i is called a derangement. For
example, 2 3 4 1 is a derangement for n = 4 whereas 2 3 1 4 is not because 4 is in position 4.

(@)

(b)

(c)

(@

Write down all of the derangements for n = 4. [2]

Use the principle of inclusion and exclusion to prove that the number of derangements of the
numbers 1 to n, D , is

n’

1,1 1 a1
n![l_ﬁ+2_!_ﬁ+”'+(_l) - [5]
! !
Show that ‘Dn - %‘ < llTn Deduce that D, is the closest integer to %. (4]
Show that the probability that a randomly generated ordering of the numbers 1 to » is a derangement
tends to % as n — oo. [2]
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Use the information in the mathematical text to answer Question 6. You should read the whole
mathematical text before you start answering the questions.

Combinatorial Interpretation of the Harmonic Numbers

The harmonic numbers are the partial sums of the harmonic series

The nth harmonic number is H =1 +%+ % + .. +%.

The first five harmonic numbers are H, =1, H, = %, H, = %, H,= %—;, s = 163—07

The harmonic series diverges, since H, increases without bound, but it does so very slowly. For example,
HIOOOOOO < 15

Although H, is never an integer for n > 1, it can be expressed as a rational number whose numerator and
denominator have a combinatorial significance.

Specifically, for n > 1 we can always write

where p, =1, and forn > 1,

py=np, (=Dl (1)

There is a familiar combinatorial interpretation for n! and we seek a combinatorial interpretation for p,.

n

k

circular tables where no tables are allowed to be empty.

For integers n > k > 1, let |, | denote the number of ways for n distinct people to sit around £ identical

recursively using

n
We can compute the numbers {

k
n n+1 n n
= _ | = +
[l (n—1)!and for k> 1, i ‘ — 117l 2)
By comparing (1) and (2) it follows that
_1jntl
H = n!l 2

So H, is equal to the number of ways of arranging n + 1 people around 2 identical circular tables (with
neither table empty) divided by the number of ways of arranging » people in a row.
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6 (a) By summing the areas of appropriate rectangles defined using the graph of y = %, for x > 0,

prove that
%+lnn<Hn<l+lnn. (3]
(b) Deduce that the harmonic series diverges and that /| 40 < 15. [2]
(¢) Provethatforn>1,p, =mnp, +(n-1)" [3]
() (i) Prove that [’f —(n-1). 2]
nt+1l n n
o — +

(ii) Prove that for k> 1, i -1kl [3]

(e) Deduce that forn > 1

_l|nt1

H =5 ) [3]

For n > 1, let the positive integer k be such that 2 < n < 2¥!, and let M(n) be the product of all the
positive odd integers < n.

(f) Show that for n > 1, 2" x M(n) x H, is an odd integer. [2]

(g) Deduce that for n > 1, H is not an integer. 2]
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